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Abstract— The fractional calculus operator has used in various field of sciences, GFT and in the engineering, if we extend the ordinary
fractional calculus in the g-theory we get fractional g-calculus operator. In this paper by making use of fractional g-calculus operator we have
introduced a new subclass of Meromorphic starlike functions Nq(k,a,ﬁ) defined in the open disk and determined coefficient estimate,
neighbourhood result, subordination results, extreme points and partial sums for the functions belonging to this class
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. INTRODUCTION
Let B be the class of analytic and univalent functions defined in the punchered open unit disk U = {z: |z| < 1} is of the form

, f@)=z+3¥7_,a,2" 1
normalized by f(0) = 0 = f (0) — 1. The subclass S of B consisting of univalent functions in disk U of the form
g(Z)=Z—Z;°=2ann, bn 20 (2)

We denote subclass of B by S(y) and K (y) consisting of all functions, which are starlike and convex of order y introduced by
Goodman [1], Ronning ([4]) and Silverman [3].

Sy) ={fe[>’;Re (Z]]:(S)) >y} and K(y) ={f€,8;Re (1+Z;,—((ZZ))) >y}
We also denote the functions f(z) belongs B that are convex in U as K.
Define new class of analytic functions in the punchered open unit disk various authors used fractional g- calculus. Recall some
definitions of g- calculus operators of functionf (z).
The g-shifted, fractional is defined for a q € C as a product of n factors by

(@;q)n = {(1 — &)1 - aq) 1 (1= ag™™) i 1(\)1 ©)
and in terms of basic analogue of gamma function.
(%30 = L2 >0 @
The recurrence relation for g- gamma function is defcined by Gasper and Rahman [2]
R+ = S (5)
and the g-binomial expansion is given by
(x—y), =x" (_x—y ;q) =x’ H,‘i’=olzy§)%=x“¢o [a7 = q; yxiv] (6)
The g-derivative and g-integral of function f defined by (1) is given by i
Dy.f (2) = FELED (2% 0,q % 0) ™
Jy FOdt @) = 2(1 - ) X 4" f (20¥) ®)
Itis of interest to note that  lim,_,;- @ _ a, =ala+1(@a+2).........(a+n—-1) is the familiar pochhammer

a-q)"
symbol. Recall the definitions of fractional g-derivative and fractional g-integral operators given by Kim and Srivastava [6].

Definition 1. Let the function f(z) be the analytic in a simply connected region of the z-plane containing the origin . The
fractional g-integral of f of order u (u > 0) is defined by

JEf@ =Dk f(2) = —— [X(z = qt),—1 FQO)A(t; ) ©)

Fq(ﬂ)
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Where (z — tq),—; can be expressed as g- bionomial given by (6) and the series ¢, [1;—;q;z]is a single valued when

larg(z)|< m,|z| < 1, therefore the function (z —tq),—; in (9) is single valued when |arg (_tz—qu)| <m,|tg"| <1and
llarg(2)| <m .

Definition 2 . The fractional g- derivative operator of orderu (0 < u < 1) isdefined by function f(z) by
1 z
D(’;,Z f(Z) = Dq,z ](!;,z f(Z) = ry (=) Dq,z fO (Z - qt)—y f(t)d(t; CI) (10)
Where the function f(z) is constrained , and the multiplicity of function (z — qt)_, is removed as in Definition 1.

Definition 3. Under the hypothesis of Definition 2 , the fractional derivative of order u is defined by

DY, f(2)= DI " f(@), (n—1 < p<m;meN). (11)
By using known extensions involving g-differ-integral operator ,we define the Linear opartor

Hy ,f(z): 11

Iq(2—p) _ .
Hyof (@) = 57 27 DG, f(@) = 2= B Ty () ay 2" (12)
Where
Fq -y (n+1)
T,(np) = Lt (13)

1"q(2)l"q (n+1—p)

Where we can easily check that T, (n, u) is a decreasing functionof nfor —oo < u<2,0< <1 .

In this paper we define a following subclass of starlike functions of order y based on g-fractional operator .
Foru<2,0< a<1,8 =20and 0< A<1,weletV;(1,a,p) be asubclass of B consisting of functions of the form (2)
and satisfying

rol 2tst @)+ AW (1 @) | [ o(Hr@) va-b(dhr@) .\ a
e = — a
-2 (HE £ @) + 22 (HEF @) -2 (HE £ @) +22 (HE @)
Where Hj ,f(z) given by (12)
Il.  COEFFICIENT ESTIMATE
To obtain main results we recall the following lemmas
Lemma 1. If a is a real number and w is complex number , then
Rw) 2aeow+(1l—-a)|—-|w+(@A+a)| =0 (15)
Lemma 2. If w is a complex number and a, (3 are real numbers , then
Rw) >Blw—1/+a © R{w(1+pe®)— Be®} >a,-m< 6 < n (16)
Theorem 1.The function f(z) defined by (2) is in the class Vg (A, a, B) if and only if
Yin[@-DA -0+ -1 A+B-2-2B)] Tinpa, < 1-HNA-a) 17)
Wherep<2,0<1<1,=20and 0<a< 1.
Proof. If f € Vg (A, «, B) then by (14), we have
2( WY ,£)) "+ -0 (b @) - 2( Wy ,f) "+ -0 (1Y ,£G))' .
> -1+
(-0 (18, "+ (1Y ,£G))” -0 (1 ,£6)) "+ 2z (Y ,£))” *
Using Lemma (2), we have
HY ,f@)) "+ -0 (HE ,f@) . .
REGED) : (#5410 (1+pe®)—Bet>a -m<O<m (18)
(-0 (18 ,1@)) "+ 2 (1Y )

Or equivalently )
[2(14 25) "+ @20 (1h @) J(a+pei®)~[a-0) (1] 0@)) ' +2z (h @) ”]sei‘*} -
(1—1)(H3_Zf(z)) '+)\Z<H:'Zf(z)) " =
LetA(z) = [z (Hif @) + =D (HEF@) (1 +pe®) = [ =2 (HLf @) + 2z (HEF(2) "] pet
and B(z) = (1 — 2) (H;;_Zf(z))’ + Az (@)
by Lemma (1), (18) is equivalent to

[AZ)+ (1 —-a)B(2)| = |A@) + (1 +a)B(z)|for 0<a<1
By substituting the values of A(z) and B(z), we get

Z n[A-DA-a)+@m—1)1+—ak— AR, (0 p) ay < (1D - a)
n=2

Re

Conversely, suppose that (17) holds. Then we must show
re [z( H,‘;_Zf(z)) "+ (1-2) (Hf;_zf(z)) a+pe®)-[a-1 (Hf;_zf(z)) "4z (Hf;_zf(z)) pet
(1-2) (H{;_Zf(z)) 4z (Hl’;'zf(z)) "

>
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|z

Upon using the values of z on the positive real axis where 0 <2 =1r <1, the above inequality reduces to
R {[— Yrann—DT,(np) a, ™t + (1 — DA - T, nT,(n, 1) a, 7" 1] (1 + Be?)

(1 =DA =X, nTy(np) a, ™) = AX7,n(n — DT, (n, ) a, v
_a —/1)(1 — i nTy () an ™) = AX7,n(n — DT, (1) a, 7' (a +/33i€)} >0
[(A=DA =27, nT,(n,w) ay ™) = A7, n(n = DT, (n, 1) ay 771 B
Since Re(e'®) > —|e'| = —1,the inequality i is correct for all z € U, lettering r — 1 yeilds

Re
And so by the Mean value theorem, we have
Re{(1-1)(1—-a)— Z T,mwa,nn-D+A-D-a(l-D—al(n—1D)+pnn-1)A -]} =0
n=2
We get desired conclusion.

1-DA-a)-¥x= 2Tg(u) ap [n(n—1)+(1-)n—a(1-)n—ain (n—1)+pn (n—1)(1-1) >0
A-D)-yr- ZTq(ny) an [n—An+An(n—1)

Corollaryl. Iff(z) € N;(A,a, B),then
1-1)(1-a)
an < n[(1—/1)(1—a)+(n—1)(1+/3—a/1—zﬁ)]rq(n,u)’( 2 2) (19)
Where0< ¢ < 1,0€ 1< 1,8 =0and u < 2 .The result is sharp for the function

g, (1-D-a) s
f@ =z = s aaoranam—a—pmen - 122 (20)

I1l.  RADII OF CLOSE-TO CONVEXITY AND CONVEXITY AND STARLIKENESS

Theorem2. Let the function f(z) defined by (2)be in the class IV, (1, a , B) then f(z) is close-to-convex of order (0 < ¢ < 11in

< r;,where
1

W ((1-9)[A-D)A~a0)+ (-1 1+ ~AB —aM)]Tg ()L
n= { a-n-a) } (21)
The result is sharp ,with the extremal functlon f(z) given by (20)
Proof. r is given by (21).Indeed we find from (2) that
If (@) — 1] < Zypna,|z*!
Thus f'(2) = 11 < 1= @ if 57 () aalzl ™ < 1
But by the theorem 1, we have
n[(1-D)(A-a)+(n-1)(A+L-18 M)]Tq(nu)
Ln=2 (1-1)(1-a) a, =1
Hence (22) will be true if
nlz"”! _ nlA-DA-@)+?m-DA+E -8 —A0)IT, ()
- (1-D(1-a)
Equivalently if
1
(1-)[A-D(A-a)+(n-1) A+ 2B —a)]Tq (n,u)|n-1
2| < { TR I =2 (24)

The theorem follows from (24).

Theorem3. Let f(z) defined by (2)be in the class NV, (4, «, B). Then f(z) is convex of order ¢ (0 < ¢ < 1in |z| < r,, where
1

(=) [A-D A=)+ B =D A+E =28 —a)]T, (ru))" T
2 = { (-p)A-N)(1-a) } (25)
The result is sharp,with extremal functlon f(z) given by (20).
Proof. We must show that
fo,% 1—¢@for |z| < n (26)
Substituting the series expansionsof f"(z) and £ (z) in the left hand of (25), we have
-¥¥_sn(n—1)a,z" "1 <Z,°1°=27L(Tl—1)an|2|n_l
1-Y7_» napzt1 T 1-¥7_,nan |z|n—1
The last expansion above is bounded by (1 — ¢) if
(n—¢) _
T2y Gzl <1 (27)
In view of (26),it follows that(27) is true if
nn-¢) |z < n[(1-D(1-a)+(n-1)(1+B =18 —ad)]Ty (n,u)
1-¢) 1-1)1-a)
Or
1
1-9)[A-D(A-a)+(n—-1) A+ =28 —a)]Tq (n,u)\n—-1
| 2] < { e I m=2) (28)
Theorem (22) follows easily from (28).
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Theorem 4. Let f(z) defined by (2)be in the class V; (1, a , ). Then f(z) is starlike of order ¢ (0 < ¢ < 1) in |z| < 3, where
1

— {(1—<p)n[(1—/1)(1—a)+(n—1)(1+ﬁ—/1ﬁ—M)]Tq(n./l)}m 29)
3T (n—-p)(1-D(1-a)
The result is sharp, with external function f(z) given by (20).
Proof. It is sufficient to show that ’
zf () _
T <1-gfor lzl<m
We have '
2f (2) _ | < Zim2(—Day |z]" !
f'@ T 1S aplznT!
Thus ’
zf (z)
———=1<1-
f @ | - ¢
If
w nn-¢) _
S S a2 < 1 (30)
Hence (30) will be true if
(n—¢p) |21 < n[(1-)(1-a)+(n-1)(1A+B -8 —ad)]Tq (n.u)
. 1-¢) - a-D1-a) ’
Or equivalently
1
(1-p)n[A-D(A-a)+(-1) A+ -2 —ad)|Tg (nu)n—1
|Z| S { (n—p)1-1)(1-a) } ’ (Tl = 2) (31)

Theorem follows easily from (31).

IV. CLOSURE THEOREMS
Theorem 5. Let
fi@)=z-Yy—20a,; 2" € N;(A,a,B) where i € {1,2,........,0and0 < (; <1
Such that
Z§=1 =1
Then the function f(z) defined by

l
F@) =) i) =1
i=1

Is also in the class V; (4, a, B).

Proof. Forevery i € {1,2,..........,1) ,we obtain
© n[(1—/1)(1—a)+(n—1)(1+ﬁ—/1[?—a/l)]Tq(n,y)
Zn=2 1-D)(1-a) an,i < 1
Since
F(z) = 25:1 Cifi(z) = Z%:l G [Z — Yn=2 an,izn] =Z— Yn=2 [Z§:1 Cian,i]zn-
Therefore
o nlA-DA-a)+(m—-1)A+B =28 —ad)]Ty(n,u)
Ln=2 a-n(-a) ! [¥i1 Cian, ]
ol n[(1-2)(1-a)+(—1)A+f —AB —ad)]Tq(n,u1)
= Xi=1 G [ 1-D)(1-a) a"'i]
< Z%:l =1
Hence F(z) € N;(A,a,B)
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