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Abstract—We solve the Euler-Poisson-Darboux (EPD) equation using the Fourier transform method. The inverse Fourier transform is found 

using a convolution with the Heaviside step function in order to obtain the solution. We then extend our results into a generalized 

hypergeometric form and we also discuss the differentiability of the solution. 
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The Euler-Poisson-Darboux (EPD) equation is a second order 

differential equation which after some transformation may be 

denoted by 
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where  and k  are real or complex parameters and t  is the 

time variable. The equation (1.1) called  singular if the 

operator  
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k

t
  as 0t  .  

It is called degenerate if  
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  as  0t  .  

If k = 0, and  0i   (1.1) reduces to the wave equation. 

The EPD equation has been studied since the ancient time of 

Euler (1770). Poisson (1823) solved  the equation for 1n  . 

An expository of the theory of Euler and Poisson was given by 

Darboux(1915). 

Solutions for (1.1) and (1.2) have also been found for various 

values of k as follows; 

For  1k n  , the solution as given by Asgeirsson (1937), 

For 1k n  ; the solution was given  by Weinstein ( 1952) 

for 1,  but  1. 3, 5,....k n k     
 

by Weinstein ( 1954),   

for  1, 3, 5, the solution was found by 

Blum (1954).

k    
. 

Most recently Manyonge et al (2013), Seilkhanova,(2015), 

Iyaya and Chepkwony  (2016), Iyaya et.al (2018) among 

others. 

The EPD appears in many fields of mathematics and physics 

including propagation of sound waves (Copson, 1975), theory 

of surfaces (Darboux, 1972), colliding gravitational fields 

(Hauser and Ernest, 1989), gas dynamics, etc.   

 

We now define some important terms which are anticipated in 

our further discussions; 

Definition 1:  Hypergeometric series 

The hypergeometric series  2 1 , ; ;F a b c z which is a solution 

of the hypergeometric differential equation is defined as 
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where  

2- refers to the number of parameters in the numerator 

1-refers to the number of parameters in the denominator 
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The Pochhammer symbols are defined by 
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Definition 2: Bessel function 

The Bessel function of order  is defined by 
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Definition 3 : Integral representation of the 

hypergeometric function 

The integral representation of the hypergeometric function due 

to Pochhammaer is 
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The integral representation of the hypergeometric function 

with no parameter on the numerator and one parameter on the 

denominator is 
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Definition 4: Convergence of hypergeometric function 

Consider the series  
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By use of the standard ratio test we obtain 
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The series (1.6) called the Confluent hypergeometric function 

converges to zero as n . 

This series is connected to the hypergeometric series and is 

obtained as a limit of , ; ; as
z

F a b c b
b
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Definition 5:  Differentiation of the hypergeometric 

function 

The derivative of the function  , ; ;F a b c z is given as 

 
   

 

   

 

   

 

0

1

0 1

, ; ;
!

! ( 1)!

n

n n

n n

n n

n n n n

n nn n

a bd d z
F a b c z

dx dx c n

a b a bz z

c n c n





 

 



 




    

     (1.9)

 

We let 1 1; 1, 0m n n m n m       . 

 Hence  
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The general formula based on repeated differentiation is 
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Similarly, 
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and general formula based on repeated differentiation is 
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2. SOLUTION OF EPD BY FOURIER TRANSFORM 

METHOD 

We solve the Euler-Poisson-Darboux (EPD) equation using 

the Fourier transform method. The inverse Fourier transform 

of the solution will be found using a convolution with the 

Heaviside step function in order to obtain the solution. We 

then extend our results into a generalized hypergeometric form 

and we also discuss the differentiability of the solution. 

We will solve the singular Cauchy problem in the space of 

distributions with respect to the space coordinate. Let 

0 and nt x   

Consider the EPD (1.1) Subject to the initial conditions (1.2). 

For 0i   we take the Fourier transform wrt x on the RHS of   

(1.1) to get 
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We again take the  Fourier transform of the LHS of  (1.1) wrt 

x and combine it with (2.1) to get 
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Which belongs to the family of Bessel equation due to the 

presence of 
k

t
. 

Now taking Fourier transform on the initial conditions (1.2) 

we get 

( ,0) ( )u f        

      (2.3) 

and 

( ,0) 0tu          

     (2.4) 

 

Depending on the value of k, we can choose a suitable 

transformation to solve (1.1). 

 Let 1k n    and referring to Manyonge et al 

( 2013), the EPD has been solved using the transformation 

relation  
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Substituting (2.4), (2.5) and (2.6) in (1.1), 
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which is a Bessel differential equation of order 
2

2

n 
whose 

solution is 
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where A and B are constants and  2

2

nJ 
 and  2

2

nY 
are 

Bessel functions of order 
2

2

n 
 of first  

and second kind respectively.  2

2

nY 
is singular at the 

origin, ie.  2

2

  as 0nY      

Hence we choose 0B  so that 
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Now 
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Whose series expansion is 
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and so, 
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Now 
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We now write   (2.13) in terms of the hypergeometric 

function. 

Recalling the definition of the Bessel function  
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 Now the hypergeometric part appearing in (2.14) has the 

following integral representation 
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We now test the convergence of 
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Now,
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In general, 
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(2.19) is thus infinitely differentiable hence it is a smooth 

function. 

 

3.  Inverse Fourier transform of ( , )u t . 

To complete the solution of (1.1) we have to determine the 

inverse Fourier transform of  ( , )u t .  

( , )u t is not an 
1L  and hence we attempt to determine the 

inverse by use of the function 
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where H is the Heaviside unit function defined by, 
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The multiplication of the even function   
1

2 2 2t x
 

  by the 

Heaviside unit function  H t x allows us to take the 

Fourier cosine transform of  g x as; 
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where we may take t  large enough. 

Now let 

2 2 2; 2x t u xdx t du 
    

    
 

Hence, 
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But by duplication formula, 
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 (3.5) 

The Bessel function  J x  is defined as 
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Hence, 
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The inversion formula gives, 
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Now from the above theorem, and taking  
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Hence, on comparing (3.8) and (3.9) we claim that the inverse 

Fourier Transform of the equation  

(2.13a)  
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subject to the initial 

conditions        .0 and ,0 0tu x f x x u x   on 

the range  0, is given by the function 
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Hence      
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   solves the EPD  

    (3.13) 

    

CONCLUSION 

Equation (3.13) represents the solution of (1.1) subject to the 

conditions (1.2). 
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