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Abstract :- A graph G=(V,E) with p vertices and q edges is said to be a mean graph if it is possible to label the vertices Vx with distinct 

elements f(x) from 0,1,2,…..q in such a way that when each edge uve   is labelled with 
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)()( vfuf
 if )()( vfuf   is even and 
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1)()( vfuf
 if )()( vfuf   is odd, then the resulting edge labels are distinct. f is called a mean labelling of G.  

 Here, we investigate the mean labelling of caterpillar, 
 2

nC  dragon, arbitrary super subdivision of a path and some graphs which are 

obtained from cycles and stars. 
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I. INTRODUCTION 

ByT aT graphT weT meanT aT finiteT undirectedT 

graphT withoutT loopsT orT parallelT edges.T TheT 

vertexT setT isT denotedT byT V(G)T andT theT edgeT 

setT isT denotedT byT E(G).T AT cycleT ofT lengthT nT 

isT CnT andT aT pathT ofT lengthT nT isT referredT Pn.T 

ForT allT detailedT surveyT ofT graphT labelling,T weT 

referT toT J.A.Gallian.T ForT allT otherT standardT 

terminologyT andT notationsT weT followT Harary.T  

TheT conceptT ofT MeanT labellingT hasT beenT 

introducedT byT S.SomasundaramT andT R.PonrajT andT 

alsoT S.SomasundaramT andT S.S.SandhyaT introducedT 

HarmonicT meanT labelling.T MotivatedT byT theT 

aboveT worksT weT introducedT aT newT typeT ofT 

labellingT calledT HarmonicT meanT labelling. 

T InT thisT paperT weT investigateT theT subdivisionT ofT 

HarmonicT meanT labellingT ofT graphs.T WeT willT 

provideT briefT summaryT ofT definitionsT andT otherT 

informationT whichT areT necessaryT forT ourT presentT 

investigation. 

T InT thisT paper,T weT considerT onlyT finite,T simpleT 

andT undirectedT graphs.T LetT ),( EVG T beT aT 

graphT withT pT verticesT andT qT edges.T ForT 

notationsT andT terminologyT weT follow.T InT aT graphT 

G,T theT subdivisionT ofT anT edgeT uvT isT theT 

processT ofT deletingT theT edgeT ofT GT isT subdividedT 

exactlyT once,T thenT theT resultantT graphT isT denotedT 

byT S(G)T andT isT calledT theT subdivisionT graphT ofT 

G. 

 SomasundaramT andT PonrajT haveT introducedT 

theT conceptT ofT meanT labelling of graphs. An 

assignment },....,2,1,0{)(: qGVf   is called a mean 

labelling if whenever each edge e=uv is labelled with 
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)()( vfuf
 if )()( vfuf  is even and 
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1)()( vfuf
 if )()( vfuf  is odd, then the 

resulting edge labels are all distinct. Any graph that admits a 

mean labelling is called a mean graph. 

T ManyT resultsT onT meanT labellingT haveT beenT 

proved.T InT aT similarT way,T Somasundaram,T PonrajT 

andT SandhyaT haveT introducedT theT conceptT ofT 

harmonicT meanT labellingT ofT aT graph.T AnT 

assignmentT }1,.....,2,1{)(:  qGVf T isT calledT 

aT harmonicT meanT labellingT ifT wheneverT eachT 

edgeT uve   

Is labelled with 
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vfuf

vfuf
 or 
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vfuf

vfuf
 then 

the edge labels are distinct. Any graph that admits a 

harmonic mean labelling is called a harmonic mean graph. 

T MoreT resultsT onT harmonicT meanT labellingT haveT 

beenT proved.T AT wellT collectionT ofT resultsT onT 

graphT labellingT hasT beenT doneT inT theT survey. 
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T InT thisT paper,T weT establishT theT harmonicT meanT 

labellingT ofT someT standardT graphsT likeT subdivisionT 

ofT starT S(K1,n),T subdivisionT ofT bistarT S(Bn,m),T theT 

disconnectedT graphsT mn kCKS )( ,1 T etc. 

  ThisT dissertationT entitledT “HARMONICT 

MEANT LABELLINGT OFT SUBDIVISIONANDT 

RELATEDT GRAPHS”T consistsT ofT fourT chapters. 

T InT chapter-1T someT BasicT definitionsT andT itsT 

examplesT areT described. 

T InT chapterT -2T HarmonicT meanT LabellingT ofT 

SomeT CycleT RelatedT graphs. 

T InT chapter-3T HarmonicT meanT LabellingT ofT 

subdivisionT andT RelatedT specialT graphs. 

InT chapterT -4T HarmonicT meanT LabellingT 

forT someT graphs 

InT chapterT -5T k-T HarmonicT meanT 

LabellingT forT someT graphsT andT subdivisionT ofT 

contraT harmonicT meanT graphs. 

 

II. PRELIMINARYT DEFINITIONT  

DefinitionT 1.1: 

AT graphT ),( EVG withT pT verticesT andT qT 

edgesT withT itT isT possibleT toT labelT theT verticesT 

x∈VT withT distinctT lablesT fromT 1,2…q+1T inT suchT 

aT wayT thatT whehT edgeT e=uvT isT labeledT withT 

f(e=uv)=  
2f u f v 

f u f v 
 thenT theT edgeT labelsT areT distinct.T 

Then,T itisT calledT aT HarmonicT meanT graphT ifInT 

thisT case,T fT isT calledT aT HarmonicT meanT 

labellingT ofT G.T  

DefinitionT 1.2: 

TheT duplicationT ofT vT isT calledT aT graphT 

G(v)T obtainedT fromT GT byT addingT aT newT vertexT 

v’withT N(v′)=N(v).T Here,T vT beT aT vertexT ofT aT 

graphT G. 

DefinitionT 1.3:T  

LetT e=uvT beT anT edgeT ofT G.T Then 

duplication of an edge  e=uv is  a graph G(uv) obtained 

from G by adding a new edge u′v′ such that 

N(u′)=N(u)∪{v′}-{v} and  N(v′)= N(v)∪{u′}-{u}  

 

CHAPTER – II 

HARMONICT MEANT LABELLINGT OFT 

SOMECYCLET RELATEDT GRAPHS 

TheoremT 2.1:T  

TheT graphT obtainedT byT duplicatingT anT 

arbitraryT edgeT inT cyclenT isT aT HarmonicT meanT 

graph.T  

Proof: 

Let Cn= v1v2….vnv1 be the cycle.  

Let e′= u1′u2′ be the duplicated edge of e= u1u2 

Now we define f: V(G(u1u2)) →{1,2….q+1} by  

f(u1)  = 1 

f(u2) = 2  

f(u3) = 3 

f(ui) = i+1, 4 ≤  i ≤ n 

f(u1′) = n 

f(u2′) = n+1  

HenceT fT isT aT HarmonicT meanT labellingT 

ofT duplicatedT graphT G(u1u2) 

 

III. HARMONICT MEANT LABELLINGT 

OFT SUBDIVISIONT ANDT RELATEDT 

GRAPHS 

TheoremT 3.1 

The disconnected graph (𝐾1,n) ∪𝑘𝐶𝑚 is a harmonic 

mean graph for  

1 ≤ 𝑛 ≤ 5, 𝑚≥3 and k ≥0 

Proof 

Let  𝑉(𝑆(𝐾1,𝑛)∪𝑘𝐶𝑚)={v; 

𝑢1,𝑢2,…,𝑢𝑛;v1,v2,…,v𝑛;𝑤11,𝑤12,…,𝑤1𝑚; 

𝑤21,𝑤22,…,𝑤2𝑚;…𝑤𝑘1,𝑤𝑘2,…,𝑤𝑘𝑚} and  

𝐸(𝑆(𝐾1,𝑛)∪𝑘𝐶𝑚)={v𝑢𝑖,u𝑖v𝑖|1≤𝑖≤𝑛}∪[𝑈𝑖=1
𝑘 ((𝑈𝑗=1

𝑀−1{Wij Wij+1  

})U{WimWi1}]. 

Here 𝑝=2𝑛+𝑘𝑚+1 and 𝑞=2𝑛+𝑘𝑚. 

Define a function  𝑓: 𝑉(𝑆(𝐾1,𝑛) 

∪𝑘𝐶𝑚)→{1,2,…,𝑞+1}  by  

f(v) = 2𝑛+1; 

f(ui) = 𝑛+𝑖 ,1 ≤ 𝑖 ≤ 𝑛;   

f(vi) = 𝑛+1−𝑖 ,1 ≤ 𝑖 ≤ 𝑛 and 

f(𝑤𝑖j)  = (2𝑛+1)+(𝑖−1)𝑚+𝑗,1 ≤ 𝑖 ≤ 𝑘,1 ≤ 𝑗 

≤ 𝑚. 

ThenT theT inducedT edgeT labelsT ofT (𝐾1,)T areT givenT 

below:T  

𝑓∗(𝑢𝑛𝑣𝑛) = 1; 

𝑓∗(uivi) = 𝑛+1+𝑖,1 ≤ 𝑖 ≤ 𝑛;  

𝑓∗(𝑢i𝑣𝑖) = 𝑛+2−𝑖,1 ≤ 𝑖 ≤  𝑛−1; 

and the set of all edge labels of 𝑘𝐶𝑚 is 

{2(𝑛+1),2𝑛+3,…,2𝑛+𝑘m+1}. 

Therefore the set of all edge labels of (𝐾1,) ∪𝑘𝐶𝑚 is 

 {1, 3, 4 ….2𝑛+𝑘m+1}. 

Hence (𝐾1,) ∪𝑘𝐶𝑚 is a harmonic mean graph for 1 

≤ 𝑛 ≤ 5,≥0  and m≥3.  

Hence the theorem. 

 

IV. HARMONIC MEANLABELLING FOR 

SOMESPECIAL GRAPHS 

Theorem 4.1: 

An  (m,  n)  kite  graph  G  is  a  Harmonic  mean  

graph. 

Proof: 

Let u1 u2 u3……umu1  be  the  given  cycle  of  

length  m  and  v1v2…..vn  be the  given  path  of  length  n.  
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 Define a function f   :  V(G)  

→{1,2….q+1}  by 

f(ui) = i,  1 ≤ i  ≤ m,  

f(vi) = n+i,  1 ≤ i  ≤  n 

Then the edge labels of the cycle are  

f(u1um) = 1,  

f(uiui+1) = i+1, 1 ≤ i ≤ m  and  

The  edge  labels  of  the  path  are  {m+1,  m+2…. 

m+n} 

Hence the kite graph is a Harmonic mean 

graph 

 

V. CONCLUSION 

InT thisT thesis,T weT discussT HarmonicT 

meanT labellingT behaviourT ofT someT cycleT relatedT 

graphsT suchT asT duplication,T jointT sumT ofT theT 

cycleT andT identificationT ofT cycle.T AlsoT weT 

investigateT HarmonicT meanT labellingT behaviourT ofT 

AlternateT TriangularT SnakeT A(Tn),T AlternateT 

QuadrilateralT SnakeT A(Qn). 

InT thisT paper,T weT establishT harmonicT 

meanT labelsT ofT someT wellT knownT subdivisionT 

graphsT andT someT disconnectedT graphs.InT thisT 

paperT weT proveT theT HarmonicT meanT labellingT 

behaviourT forT someT specialT graphs.T  

InT thisT paper,T weT establishT theT harmonicT 

meanT labellingT ofT someT standardT graphsT likeT 

subdivisionT ofT starT (𝐾1,),T subdivisionT ofT bistarT 

(𝐵𝑛,),theT disconnectedT graph 𝑆(𝐾1,𝑛) ∪𝑘𝐶𝑚. 
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