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Abstract— In the present paper two theorems on non-expansive mappings have been established. The first theorem is for four mappings which
satisfy R- sub weakly commuting property in pair. The result of first theorem is used to develop another theorem for g-star shaped subset of a
normed space. An attempt has been made to prove one more theorem for two weakly compatible mappings on convex sets. These results are the

extension and generalization of earlier results existing in the literature.
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l. INTRODUCTION

Let (X,d) be a metric space, T a self-mapping on X and k
a  nonnegative real number  such  that  the
inequality d (Tx, Ty) < kd(x, y) holds for any x,y € X . If k <1

then T is said to be a contractive mapping, ifk =1, then T is
said to be a non-expansive mapping. The well-known Banach
theorem states that if X is complete then every contractive
mapping has a unique fixed point, however, a non-expansive
mapping need not have fixed points.

Huge research work has been carried on Banach contraction
principle with different types of contraction conditions but
significant research is not found in the direction of non-
expansive mappings.

Bogin[2] proved the following result for a non-expansive
mapping in a metric space

Theorem [2]: Let (X,d)be a nonempty complete metric
space and T : X — X a mapping satisfying

d(Tx, Ty) < ad(x, y) +b(d(x, TX) +d(y, Ty))

+c(d(x,Ty) +d(y,Tx))

where a>0,b>0,c>0and a+2b+2c=1. Then T has
a unique fixed point.

Ciri¢ [3] used a more generalized contractive condition and
thus modified the above result.

Gregus [4] considered non-expansive mapping for convex
set of a Banach space.

Shezad [5] proved the following theorem for two R -—
weakly commuting mappings.

Theorem [5]: Let M be a closed subset of a metric space
(X,d) and A and S be R- weakly commuting self-

mappings of X such that A(M) < S(M) . Suppose there exists
k € (0,1] such that
d(Sx, Sy), d(Sx, Ax), d(Sy, Ay),
d(Ax, Ay) <k max< 1
E(d(sx’ Ay), d(Sy, Ax))

for all x,yeM . If cls(S(M))
thenM N F(S) nF(A) is singleton.

and S is continuous,
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Jungk et.al [1] have worked in different direction on non-
expansive mappings for normed space and established the
following result.

Theorem [1]: Let M be a nonempty q -star-shaped subset

of a normed space X and A /S and T be self-maps of M .
Suppose that S and T are linear and continuous with
qeF(S)nF(T) and A(M)cS(M)nT(M) . If the
pairs {A,S}and {A T} are R-— subweakly commuting and
satisfy,

|Ax - Ay
||Sx—Ty||,dist(Sx,[Ax,q]),dist (Ty,[Ay,q]),
= e i(dist(Sx,[Ay,q])+dist(Ty,[Ax,q]))
forall x,yeM,

then F(A)NF(S)NF(T) = ¢ provided one of the following
conditions holds:

(i) M is complete, cls(A (M) is compact and A is
continuous,

(i) M is weakly compact, (S — A)is demiclosed at 0 and
X is complete.

(iif) M is weakly compact and X is complete space
satisfying Opial’s condition.

In the present paper we have proved a theorem for four non
expansive mappings which is a generalisation of Shehzad [5].
Using the first result the second theorem on g-star shaped
subset of a normed space has been established. This theorem is
a generalisation of Jungk et.al.[1] which is for three mappings.

The last theorem is on two weakly compatible mappings in
metric space which is a modification as well as generalisation
of Bogin [2].

Il.  PRELIMINARY

Some basic definitions are necessary to discuss before we
start the main theorems.

Let M be a nonempty subset of a normed space(X,”,”),

and let A,Band T be self-mappings of M
2.1- (A, B) -contraction: A mapping T is said to be
(A, B) -contraction if there exists k e(O,l) such that
30
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||Tx—Ty||s k||Ax—By|| for all x,yeM . If k=1, then T is
said to be (A, B) -non-expansive. If A=Bthen T is said to

be A -contraction. If k=1, then T is said to be A -non-
expansive. If A=1and k=1, then T is said to be non-
expansive. The set of fixed points of T (respectively A) is
denoted by ( F(T)) (respectively F(A))

2.2- R -weakly commuting [6]: A mapping Aand T are
said to be R -weakly commuting on M , if there exists a real

number R >0 such that ||TAx— ATx|| < R||Tx— Ax|| for all
XeM

2.3- q— star shaped: A set M is called g -star shaped
with q € M if the segment [q,x] = {(1—k)q+kx :0<k sl}
is contained in M forall xe M .

2.4- R - sub weakly commuting [5]: If M is q -star
shaped with g e F(A), then T and A are said to be R - sub
weakly commuting on M if
[[TAx — ATX| < Rdist ( Ax,[Tx,q]) for all xeM and R>0,

where dist ( Ax,[Tx,q]) =inf {|Ax—y]: y € [Tx,q]}

It is well known that R -sub weakly commuting maps are
R -weakly commuting and R -weakly commuting maps are
compatible but not conversely.

2.5- Opial’s condition [7]: A Banach space X satisfies
Opial’s condition if for every sequence {Xn} in X is weakly
convergent to xe X , the inequality
lim inf ||xn —x|| < [!minf ||xn - y|| holds for all y = x. Every

N—o0
Hilbert space and the space Ip(ls p<oo) satisfy Opial’s
condition.

2.6- Demiclosed: The map T:M — X is said to be
demiclosed at O if for every sequence {xn} in M such that

{xn} converges weakly to x and {Txn} converges strongly
to0e X ,then0=Tx.

I1l. THEOREMS

We established the following theorem for four mappings
which in pair are R -weakly commutating, is a generalisation
of Shehzad [5]

3.1.1-Theorem: Let A B,S,T be self-maps of a complete
metric space (X,d) .Suppose that S,T are continuous, the

pairs (A,S) and (B,T) are R -weakly commutating and
AX)cT(X) and B(X)<S(X) . |If there
A €[0,1) such that

d(Ax,By) <A M(x,y)

where

exists
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d(Sx,Ty),d (Ax,Sx),d (By,Ty),
M (X, y) = ()
O y) = mex ;(d (Ax,Ty)+d (Sx,By))

for x,y € X .Then there is a unique fixed point u e X such
that Au=Bu=Su=Tu=u.

Proof: Let x,eX and x e€X such that
Yon = AXZn =-l—x2n+l and Yona = BX2n+1 = SX2n+2 '
Putting x = x,,and y = X,.,, in (1), we have

d (AXZn’ szn+1) SAM (X, Xan41)

A (SXon Tonsa ) 0 ( AXyp, SXop ).

M (XZn ' X2n+l) = max d (Bx2n+1’TX2n+1)'

1
E(d (Ax2n vTX2n+1) +d (SXZn’ BX2”+1))

d (y2n—1' y2n)’d (yZn' y2n—l)’d (y2n+l’ y2n)'
= Mmax 1
E(d (y2n: )’2n)Jr d (yZn—1' y2n+1))

1
= max {d (y2n—l' yZn)'d (y2n+1' yZn)’Ed (yZn—1' y2n+1) 2

Since,
1 1
9 d (y2n—l’ y2n+l) < E(d (y2n—1' Yan ) +d (yZn , y2n+1))

< max {d (y2n,1, Yon ) .d (YZn’ y2n+l)}

~.d (AXZn’ BX2n+1) < A max {d (y2n—l’ Yon ) d (y2n' y2n+1)}
Case-I: If

max {d (y2n—1' Yon ) .d (y2n' y2n+1)} =d (yZn' y2n+1)

~.d (y2n’ y2n+1) <Ad (y2n’ y2n+1)
.+ 1 €(0,1).So, it is a contradiction.
Case-1I: If

max {d (yZn_l, yzn)ad (YZn’ y2n+l)} =d (y2n—1’ yz“)
~.d (yZn’ y2n+1) <d (yzn—l’ yz“)

©
n=

Hence the sequence {y, } _ is contractive. So, it is a Cauchy
sequence in X .As X is a complete metric space, there exists a
zeX suchthat lim y, = z.

nN—o0o
ie. limy, =Ilim Ax, =limTx,,, =zand
n—o0 n—o0 n—o
limy, ., =limBx,, ., =1limSx, ,=z2.
nN—o nN—oo N—o0
*+ Sis continuous.
T _ img2y  _
. lim SAx,, = Sz and lim S°x, | = Sz

n—o0 nN—o
-~ (A, S) are R -weakly commutating
< |ASx,,, — Sz| <|ASx,,, — SAX, | +[SAX,,, — S|

<R |Sxyp, = Axyp | +[SAX,, — S|
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oo lim ASx,, =Sz .

n—o0

Similarly it may be proved that
- imTBx,,, =Tz and lim sz2n+1 =Tz -+ T is continuous.
n—o0

n—o

s im BT, =Tz

nN—o0

Putting x = Sx,,and y = X,,,, in (1), we have
d (ASXZn, BX2n+1) <A M(SXp0: Xpn41)

M (SXZn ' X2n+l)

- (B,T) are R -weakly commutating

d (SZXZn 'TX2n+l) d (ASXZn ! SZXZ“ )’

=maxyd (Bx2n+1'TX2n+1)’

;(d (ASXZn lTX2n+1)+ d (SZXZH, BX2n+l))

Taking lim to both sides, we get

n—oo

lim d ( ASX,,, BX,p,1)

n—oo

d (Szxzanxznu)rd (ASXvaszxzn)’
<4 r!'_r;go max 4 d (BX2n+l’TX2n+1)’
1
E(d (ASXy, Xy, )+ (32X2n ; BX2n+l))

d (Sz, z),d (Sz, Sz),d (z, z),

i(d (Sz, z)+d (Sz, z))

d(Sz,z)<ad(Sz,2) = Sz =2 ..(3)
Similarly, it may be proved that Tz = z. ...(4)
Putting x=zand y = X,,,; in (1), we have

d (Az,BXyp,1 ) A M(Z,%5p1)

d(Sz,z) < A max

d (Sz,Tx2n+l),d (Az, Sz),
M (2, Xpp 1) = Max< d (BXon11: Tons )

1
E(d (Az,TxZM) +d (Sz, BXZM))

Taking lim to both sides, we get

n—o
lim d (Az,Bxy.,,)
d(Sz, Xy, ). d (Az,S2),
<2 lim max < d (BXonar: Tons1)
1
E(d (Az,TxZM) +d (Sz, Bx2n+1))
~d(Az,2)<2d(Az,2) = Az =1 ..(B).
Similarly, it may be proved that Bz = z. ...(6)
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Thus from (3),(4),(5),(6) we get Az=Bz=Sz=Tz=1z.
Thus z is a common fixed point of A B,S,T.
Uniqueness: Let us try to prove that the fixed point is unique.
Let if possible there are two fixed points say z and z* of
ABST.iee Az=Bz=Sz2=Tz=zand
Az*=Bz*=Sr*=Tzr*=1z%*.
Put x=zand y=z* in (1), we have
d(Az,Bz*) <A M(z,z%)
where

d (Sz,Tz *),d (Az, Sz),d (Bz*,Tz*),
M(z,z*) = maxy 1
E(d (Az,Tz *)+d (Sz, Bz *))

d(z,z*),d(z,z),d(z*,z*),
=max< 1 =d z,z*)
E(d(z,z*)+d(z,z*)) (
.'.d(z,z*)g/ld(z,z*):z:z*
Thus there exists a wunique common fixed point
for A/B,S,T.
3.1.2-Corrollary: Let A,S be self-maps of a complete
metric space (X,d) .Suppose that S are continuous, the pair
(A,S) is R -weakly commutating and A(X) < S(X) . If
there exists A €[0,1) such that
d(Ax, Ay) <2 M(x,y)

d(Sx,Sy).d (Ax Sx),d (Ay,Sy),
where M (X, y) = max

[N

S (A (A sy) v (s Ay))

for x,y € X .Then there is a unique fixed point u e X such
that Au = Su =u.

Proof: By substituting A= B,S =T in Theorem 3.1.1, we get
the proof.

Remark: Corollary-3.1.2 is the main result of Shehzad [5].

To prove the following result, theorem 3.1.1 is used.

The following result is a generalization of Jungk et. al. [1]
with four mapping which in pair are R- sub weakly
commutating..

3.1.3-Theorem: Let M be a non-empty g-star shaped subset
of a normed space (X,d) and A,B,S,T are linear and

continuous with geF(S)nF(T) and
AM)cT(M) and B(M)cS(M) . If the pairs
(A,S) and (B,T) are R- sub weakly commutating for all
xyeM

[sx, Ty dist (sx,[ Ax.q]). dist (Ty.[By.q]).
”AX' By|| =T {dist(Sx, [By, q]) + dist (Ty,[Ax, q])}

(1)
and F(A)nF(B) "F(S) nF(T) # ¢ , provided one of the

conditions holds:
() M is complete, cls (A(M)) cls (B(M)) is compact and
A, B are continuous.

2
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(ii) M is weakly compact, (T — A) is demi closed at Oand X

is complete.
(iii)y M is weakly compact and X is a complete space
satisfying Opial’s condition.

Proof: Let us define A, :M - Mand B, : M — M by

A x=(1-k,)g+kyqAxand B x = (1-k,)q+Kk, Bx ..(2)

for all xeM and a fixed sequence of real numbers

k,(0 <k, <1) converging to 1. Then each A ,B_ are self-

mappings of M and for

eachn>1 A (M)cT(M) andB (M) < S(M).

- T,Sarelinear, AMM) cT(M) and B(M) < S(M)

The linearaty of S and R- subweakly commuta{ting of

(A, S) implies that

A% — 5| = (@K, )a+k, ASK) — (@K, )a + k,SAX)|
<k, | Asx - sAx| < k,Rdis[ Sx,[ Ax,q] |
<k,R|[Ax—sx|forall xe M.

(A,,S) is

commutating for each n>1. Similarly the pair (B,,T) is

This implies that the pair k,R- weakly

k,R - weakly commutating for eachn >1.
From (1), we get

||A1X, B, y" = kg ”AX - By”
Isx, 1], dist(Sx, [Ax, q]) , dist (Ty, [By, q])
<k, max| q
E{dist(Sx,[By, q]) +dist (Ty, [Ax, q])}

[sx 7] Jsx— ATy - B,y

1
 {lsx=Buyll [y - A}

forall xyeMand 0<k, <1

< k. max

n

By theorem-3.1.1 and for each n2>1 there exists
X, € M such that Ax, = Bx, = Sx, =Tx, =X,

(i) The compactness of cls (A(M)) implies that there exists a
subsequence {Axm} of {Axn} such that Ax, 6 —z as
m — oo . Then by (2)

A X, = 0=k )g+k Ax,

sasm—oo Koo—1

A X, — zimplies x,, — z .Similarly by (2) i.e. definition of
B, X, — z implies x,, — z .S0 by the continuity of S,T we
havez e F(A)NF(B)F(T)F(S) . Thus
F(A)NF(B)YNF(M)NF(S) = ¢

(ii) Since M is weakly compact, there is a subsequence
{xm}of {xn} converging weakly to some z € M .But, S and

T being linear and continuous are weakly continuous and the
weak topology is Hausdorff , so we have
Sz =z =Tz ,and M is bounded, so
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(S = A)x,, = SX,, — AX,

Ay —(-k,)q
Kk

m
_ K SXp, — A X, +(L-K)g
k

m
_ KX — X + @=K)0
k

m

(kn ~2)(x, —a)

k

m

:(1—km_l)(xm ~q)—>0asm—o.
Now, the demiclosedness of (S—A) at 0 guarantees
that(S—A)z=0.
Similarly we may prove that
hence F(A)NF(B)NF(T)NF(S) #¢.
(iii) As in (ii), Sz =2z =Tzand ||Sx,, - Ax,|| > 0as m —oo.
If Sz # Bz, then by Opial’s condition
Iim inf |Sx,, ~T2] = lim inf |Sx,, ~Sz| < lim inf |Sx,, - B|

= SX

m

(T-B)z=0 and

< lim inf S, — Ax, |+ lim inf |Ax;, - B

m—o
= lim inf | Ax,, - Bz| < lim inf |Sx,, - T
m—oo

m—oo
this is a contradiction. Thus Sz=Bz and

F(ANFB)NFT)NF(S)=¢.

hence

3.1.4-Corrollary: Let M be a non-empty g-star shaped subset
of a normed space (X,d) and A,S,T are linear and

continuous with ge F(S)nF(T) and
AM)cT(M) and AM)cS(M) If  the  pairs
(A,S)and (A, T) are R- subweakly commutating and satisfy
forall x,yeM

[sx, 7| dist (sx.[ Ax,q]). dist (Ty. [ Ay.q]).

- {dist (sx [ Ay, a]) + dist (Ty, [Ax,a])

And F(A)NF(S)nF(T) = ¢, provided one of the conditions
holds:

(i) M is complete, cls (A(M)) ,cls(B(M)) is compact and
A, B are continuous.

(iiy M is weakly compact, (T — A) is demi closed at 0 and

X is complete.
(iii) M is weakly compact and X is a complete space
satisfying Opial’s condition.

||Ax, Ay|| < max

Proof: Put A= Bin Theorem 3.1.3, we get the proof.
Remark: Corollary-3.1.4 is the main result of Jungk et.al. [1].

The following theorem is an extension of Bogin [2] using two
mappings which in pair are weakly compatible.
3.1.5-Theorem: Let (X,d) be a metric

S, T : X — X are mappings satisfying

space and
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d(Tx, Ty),d(Tx, Sx),d(Ty, Sy),

d(Sx, Sy) <amaxs 1
E[ol(Tx, Sy) +d(Ty, Sx)]

+b(d(Tx, Sx) +d(Ty, Sy)) +c(d(Tx, Sy) +d(Ty, Sx))
(D)

for all x,y e X where the real numbers a,b,c >0 satisfying
the condition a+2b+2c=1,ScT, (S,T) are weakly
compatible, then S, T have a unique common fixed point.
Proof: Let x, € X.

ScTandS,T: X »> X

LY, =X, =TX

Putting x=x, and y =x_,, in (1) we get,

d(Tx,, TX,,), d(TX,, SX, ),

d(Sx,,Sx,,;)<amax<d(Tx,,;,SX,,,),

1
> [d(Tx,, SX,,1) + A (TXy,, SX,)]

+b(d(Tx,, SX,) +d (TX,,1, SX,1))

+¢(d(Txy, SXyy1) + A (TX,4, X))

d(yn—l’yn)’d(yn_lvyn)yd(yn,ym_l),
d(Yy Vna) S@maxy 1
o E[d(yn—l’yn+l)+d(ynlyn)]

#0(d(Yn 10 Ya) + 4 (Vs Vo))
+C(d(yn,l, yn+1) + d(yn! yn))

1
d(yn’ yn+1) < amax d(yn—l' yn)' d(yn’ yn+1)'5d(yn—1’ yn+l)

+b(d(yn—1' yn) +d(yn' yn+l))+c(d(yn—l' yn+1) +d(yn' yn))

5801 Yot < 5 (4010 ¥2) + (Y V,er))
<max {d (Y, 1. Yn): d (Vs Yur)}
d (Y Yoer) S @amax{d (Y, g, ¥o) d (Vo Yoo}
+b(d (Y 1s Yn) + s V) )+ € (A (Vpgs Yiur) + A Vi V)
Case-l: If max{d(Y, 4, ¥y). d(Yp: Yost)} =AY Vo) i€
d(Yn_1: Yn) <AV Yis)
A (Y Yar) <@max{d (¥, . ¥p): d(¥n Yoin)}
+0(d(Vpgr V) + 4V Yoia))
+¢(d(Yp 1 Youn) + 4V V)
d(Yns Ynia) <@d(Y,, Yni)+20d (Y, Yoig) +2¢d (Y, Vo)
d(Yn: Yna) < (a+2b+20)d(yn, yn+1) ( a+2b+2c :1)
S (Y Ynea) <A Yns Yaar)
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This is a contradiction.
Case-11: If max {d (Y, 1, Vo), d(Vp: Yoea)} = A (Vs Vo)
d(Yn. Yoor) S@amax {d(Y, 1. ¥n) d (Vs You)}+
b(d(Yog: Ya) +d(Vn: Vier))
+¢(d(Ypgr Ynir) + 4 (Yo V)
(Vs Yner) <0 (Vo3 Yn)+0(d (Yo g0 Vo) + (Vg Vier))
+¢(d(Yy 1 ¥o) +d(Ynr Ynat))

aibic a+2b+2c=1
d(¥p: Ynia) < o d(¥ns Yna) _atb+c
l1-c-b
{d.}={d (¥, Vo) }::1 is a decreasing sequence (2

Putting x =x, and y=x_,, in (1) we get,

d(Tx,,TX,,,),d(Tx,,SX,),
d(SX,, SX,,,) < amax{d(TX,,,,5X,,,),

AT, 9%+ (T, 5,5%,)]

n+2
+b(d(Tx,,5%,)+d (TX,,,.5%,.,))
+¢[d(Tx,,5%,.,)+d(Thns2.5%)

d(yn—l’ yn+1)' d(yn—l’ yn), d(yn+1' Yn+2)y
d(y ly Z)Samax 1
o E[d(ynfll yn+2) + d(yn+l’ yn)]

+b(d(Y 1, V) + 4 Vets Yoia))

I CIAPRARELIARA)
(3
B d(yn_ll yn+]_) < d(yn_]_l yn) +d(ynl yn+l) < 2d(yn_]_’ yn) (4)
d(yn—l' yn+2) + d(ym—l' yn)
< d(yn_17 yn) + d(ynl yn+2) + d(yn+11 yn)
Putting (4) & (5) in (3), we get
d(yn' yn+2)

.5

Zd(yn—l’ yn)’ d(yn—l' yn)' d(yn+1’ yn+2)’
<amaxy 1
E[d(yn,l. Y) + 4V Vosz) + A Vpars Vo) ]
+b(d Yoy ¥n) + 4 Vst Yoe2))
+¢(d (Yot ¥o) + AV Yos2) + A Voin V)
d(Yns Yni2)
Zd(ynfll yn)! d(ynfll yn)l d(ynfl’ yn)’
<amaxy 1

E[d(yn,l, Vo) +d(Yn: Yara) + A (Vnar V)]
+b(d(Yoy ¥a) +d(Yoss Ya))

+¢(d(Ypgr Yn) +A(Vns Yo2) + 8 Vs Vo))
34
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d(Yy: Yni2)
1
<a max{Zd Yo1r Yo )s E[Zd (Yn_1s Yn) +d(Yy» yn+2)]}

+b(2d(yn—l' yn))+c(2d(yn—l' yn) +d(yn’ yn+2))
Case-III:

2d(yn_17yn)'d(yn_1lyn)1
max4 1 =2d(Y, 4. Yn)
E[2ol<yn,1.yn)+ol<yn.yM)] e

d(ynl yn+2) S 2a'd(yn_1l yn) + Zbd(yn_ll yn)
+¢(2d(Y, 1. ¥a) +d (¥ Yii2))

(1 c)d(yn,yn+2)<(2a+2b+20)d(yn 1Y)
ra+2b+2c=1
~1l+a+2c<?2

1+a
<2
1-c

‘.'d(yn!yn+2)< cd(yn l!yn)
1+a

= d (Y, Vo) <K d(Y,, Y,) Where k; = . <2...(6)
Case-1V:

2d ,Y),d Yo

(ynfl yn) (ynfl yn) l |:2d(yn_1| yn) i|

max< 1 =_

E[Zd(yn_llyn)+d(ynlyn+2)] 2 +d(yn1yn+2)

1
d(Ypy, Yoeo) < a5[2d<yn_1, Yo) +d(Yn: Yaeo)]
+b(2d(yn oY) +e(2d(Vaa, Vo) A (Vs Yoso))
A0 Vo) Sa [2d(yn_1, Vo) +d(Yn Ynio)]

+ b(Zd(yn—l’ yn))+c(2d(yn—1’ yn) + d(yn’ yn+2))

" )<(2a+4b+4c)d( ) 2 " )
Yn: Yne2) S 2 _a_2c Y1 Yn) = 1+ 2b Yo Yn
Letk, = <2

1+2b
d(Yn» Yne2) <Kd (Yo, Vi) .(7)
Let k = max{kl,kz} and k <2
d(¥ns Ynez) <kd(Yyg: Yn) (8

Putting X=X, and y=x_,, in (1) we get,
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d (an+1’ SXn+2)
d (Txn+1 ! TXn+2 )’ d (Txn+1’ SXn+l)’ d (an+2, an+2)’

<amaxy 1
E [d (TXn+l’ SXn+2) +d (TXn+2 ’ SXn+l):|

+b (d (TXn+l’ an+l) +d (Txn+2 ’ SXr‘H—Z))
+C (d (TXn+l' an+2) +d (TXn+2 ! SXn+1))

d (yn+l’ yn+2)

< amax
E[d (yn’ yn+2) +d (yn+1' yn+l)

+ b(d (yn’ yn+1) + d (yn+l’ yn+2)

d (Y Vo) 9V Yoin) A Voo Vi) }
+ C(d (yn' yn+2) +d (yn+1 yn+l))

From (2),(8), we get

d(Yni1o Yni) S@amaxqd(y,, ¥ 4). — kd(yn,yn 1)

+2bd(y,, Y,4)+ked (Y., Yoq)
k<2

1
- kd (Y, Yo1) <d(Yns Yoa)

A (Yo Yoso) < (a+20+ke)d (Y, Yos)
Let A=a+2b+kc<a+2b+2c=1

d(Yni1r Yoeo) <AA(Yog) Yi) e
w0<A<1
Therefore for any even integer n>0

d(ynﬂ,ymz)ﬁi%d (Yo.y;) and for odd integer

)<a" e

A (Ynz: Yniz) < Yo Y1)
We get that {yn} is a Cauchy sequence. By the completeness

of X there exists a ueX such that the

sequence {y } converges to U asn —» oo.

limy, = limSx, = I|me g =u

nN—o0 nN—oo n—

As lim y =uletthereis veX suchthat Tv=ubut Sv=u.
n—oo

Now putting x = x and y =v in (1), we have
d(Tx,,Tv),d(Tx,,Sx,),d(Tv,Sv),
d(Sx,,Sv) <amax+ 1
> [d(Tx,, Sv) +d(Tv, Sx,)]
+b(d(Tx,,Sx,) +d(Tv,Sv)) +c(d(Tx,, Sv) +d (Tv, Sx,))
Taking lim to both sides, we get

n—oo
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lim d(Sx,, Sv)
n—oo

d(Tx,,Tv),d(Tx,, Sx,),d(Tv, Sv),
<alim maxy 1
n—>o0 E[d(Txn,Sv) +d(Tv, an)]
+b lim (d(Tx,, Sx,) +d(Tv, Sv))
n—oo
+c lim (d(Tx,,Sv) +d(Tv, x,))
n—oo
d(u,u),d(u,u),d(u,Sv),
d(u,Sv) <amaxs 1
2
+b(d(u,u)+d(u,Sv))+c(d(u,Sv)+d(u,u))
d(u,Sv) <(a+b+c)d(u,Sv)
~(1-a-b-c)d(u,Sv) <0=Sv=u
SSv=Tv=u
-~ S, T are weakly compatible , we get.

STv=TSv=Su=Tu
Now putting x=uand y =v in (1), we have

d(Tu,Tv),d(Tu, Su),d(Tv, Sv),

[d(u,Sv)+d(u,u)]

d(Su, Sv) <amaxy 1
E[o|(Tu,sv)+o|(rv,3u)]
+b(d(Tu, Su)+d(Tv,Sv))+c(d(Tu,Sv) +d(Tv,Su))
d(Su,u),d(Su, Su),d(u,u),

d(Su,u) <
(St 1) = amax ;[d(Su,u)+d(u,Su)]

+b(d(Su,Su)+d(u,u))+c(d(Su,u) +d(u,Su))
(1—a—c)d(Su,u) <0=Su=u
SSu=Tu=u
Uniqueness: Let us try to show that the fixed point is unique.
Let if possible there are two fixed points of S,T i.e.

Su=Tu=uand Su*=Tu*=u*
Now putting Xx=uand y =u* in (1), we have
d(Tu, Tu*),d(Tu, Su), d(Tu*, Su*),
d(Su, Su*) < amax
> [d(Tu, Su*) +d (Tu*, Su)]
+b(d(Tu, Su) +d (Tu*, Su*)) +c(d(Tu, Su*) +d (Tu*, Su))

d(u,u*),d(u,u),d(u*,u*),
d(u,u*) <amaxs 1
E[o|(u,u*)+d(u*,u)]
+b(d(u,u)+d(u*u®))+c(d(u,u*) +du*,u))
d(u,u*) s(a+2c)d(u,u*)
(1—a—20)d(u,u*) <0=u=u*
Thus there exists a unique common fixed point of SandT .
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3.1.6-Corollary: Let (X,d) be a metric space and
S: X — X are mappings satisfying
d(x,y),d(x,5x),d(y,Sy),
d(Sx, Sy) <amaxs 1
2
+b(d(x,Sx)+d(y,Sy))+c(d(x, Sy) +d(y,Sx))
for all x,y e X where the real numbers a,b,c > 0 .satisfying

the condition a+2b+2c =1then S has a fixed point.

Proof: By substituting S =T in Theorem-3.1.5, the proof is
obtained.

Remark: The Corollary 3.1.6 is the extension of main result
of Bogin [2].

[d(x,Sy)+d(y,S%)]

X X
Example-3.1.7:  Let (X,d)=R . Let Sx:g,Tx:5 ,
3 1 1
a=—,b=—,c=—
7 7 7

S, T are weakly compatible at 0.
*+$(0) =T(0) = ST(0) =TS(0)
Xy X—=Yy
o LHS=d(Sx,Sy)=——==
6 6 6

d(Tx, Ty),d(Tx, Sx), d(Ty, Sy),

R.H.S. = amax< 1
> [d(Tx, Sy) +d(Ty, Sx)]

y X

X X
6 3

XYLy
6 3

6 3

y X

y_y
6 3

X
XY
6 3

)

y —2X
+
6

+

y —2X
6

+

+b(d(Tx, Sx) +d(Ty, Sy) ) +c(d (T, Sy) +d(Ty, X))
3
7 2{|6 3
1
i J
7\|6 3
X—=y| x y 1([x=2y
'6'6 2\| 6
X—2y j
3 - 1(2y—-x 2x-
EENE y,X,y,( yox, 2 yj
7 6 66 2 6 6
1 1(2y-x 2x-
+ = X+yj+ y X+ =y y<x<2y
7\6 6) 70 6 6

3 3
X X 1
J’_i
7 6 3
3
= —max
7 { 3
1( x yj 1
+—| —+=|+—
7T\6 6/ 7 6
3 {x—y Xy x+y} X+y 3x+3y
— = + +

= —XxMmaxX YT
7 6 6 6 12 42 42
3X X+y 3x+3y T7x+4y
42 42 42 42

. LHS.< RH.S.

Similarly we may prove that the result holds for x <y < 2x.

Thus all the conditions of theorem-3.1.5 are satisfied. The

unique common fixed point is 0.
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