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Abstract. In this article we introduce fuzzy sequence space me(f, ¢, p), 0 < p <1, defined by a modulus function. We study its different
properties like solidity, symmetricity, completeness etc.
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I.  Introduction
Let P denote the class of all subsets of N, the set of natural numbers, those do not contain more than s elements.
Throughout {¢,} represents a non-decreasing sequence of real numbers such that n ¢n.; < (n + 1) ¢, , for all neN.
The class of these sequences {¢n} is denoted by @.
The sequence space m(¢) introduced by Sargent [15] is defined as

M) ={0) ew: sup 3| x, |<o},

s2l,oePs Qg keo

which becomes a Banach space, normed by

1
Xl = SUP =D 1%, |-

s2l,oeP; ¢s keo

The notion of modulus function was introduced by Nakano [11]. Later on different
sequence spaces were defined by using modulus function and their different properties
were investigated by Ruckle [14], Maddox [8], Bilgin [4] and many others.

Let D denote the set of all closed and bounded intervals X = [a;, a;] on R, the real line. For X,Y € D we
define

d(X,Y)=max (|ai-bs |, [a2-bz]),

where X =[a;, a;] and Y =[by, b,]. It is known that (D, d) is a complete metric space.

A fuzzy real number X isafuzzy seton R, i.e.amapping X:R — I (=[0,1])
associating each real number t with its grade of membership X (t).

A fuzzy real number X is called convex if X(t) > X(s) A X(r) = min {X(s), X(1)},
where s<t<r.

If there exists tp € R such that X(to) = 1, then the fuzzy real number X is called
normal.

A fuzzy real number X is said to be upper-semi continuous if, for each € > 0,
X*([0,a+¢)), forall a e | isopen in the usual topology of R.

The set of all upper-semi continuous, normal, convex fuzzy real numbers is denoted by R(I) and throughout the
article, by a fuzzy real number we mean that the number belongs to R(l).

The o - level set [X]” of the fuzzy real number X, for 0 < o < 1, defined as XI*={teR: X(t)2a}.If a
=0, then it is the closure of the strong 0-cut.

The set R of all real numbers can be embedded in R(I). Forr € R, re R(l) is defined by

(0= 1, for t=r,
|0, forte=r

The absolute value, | X | of X e R(l) is defined by (see for instance Kaleva and
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Seikkala [6])
| X (t) = max { X(t), X(-t)}, if t>0,
=0, if t<0.
A fuzzy real number X is called non-negative if X(t) = 0, for all t < 0. The set of all non-negative fuzzy real
numbers is denoted by R*(1).

Let d:R(l) xR(l) > R be defined by
d (X, Y)= supd([X]*,[Y]).

0<a<l

Then d defines a metric on R(D).

The additive identity and multiplicative identity in R(I) are denoted by Oand1 respectively.

The sequence space m(¢) was introduced by Sargent [15], who studied its different properties and obtained its
relations with the spaces /° and ¢”. Later on the notion was further investigated and linked with summability theory
by Tripathy [16], Tripathy and Sen [18] and many others.

Spaces of sequences of fuzzy numbers were studied by Matloka [9], Nuray and Savas [13] and many others.

Throughout the article w™ and (¢ ). denote the spaces of all and bounded sequences of fuzzy numbers,

respectively.

Il.  Definition and Preliminaries
Definition. A sequence space E is said to be symmetric if (X,) € E implies (X,n) € E, where n isa
permutations of N.

Definition. A sequence space E is said to be convergence free if (Y,) € E, whenever (Xi) € E and X, =0
implies Y, =0.
Definition. A function f: [0, o) — [0, o) is called a modulus if
@ f(x)=0 if andonlyif x=0
(b) f(x+y)< f(x) +1f(y), forx>0, y>0.
(c) f isincreasing.
(d) fis continuous from the right at 0.

Hence f is continuous everywhere in [0, ).
We define the following sequence space

me(f, ¢, p) = {(Xk) ew" : sup lZ[f(a(xk,(_))]P <°0}

s>1,6€P, s keo

I11.  Main Results
Theorem 3.1. The set me (f, ¢, p) is a complete linear metric space, with respect to the metric g defined by
1 —
g(X,Y)= sup = [F(d(X,,Y)I°

s>1,0eP, s keo

Proof. Since the linearity of mg (f, ¢, p) with respect to the co-ordinate wise addition and scalar multiplication
is trivial, we omit the details.
Theorem 3.2. Let f be amodulus function. Then,

me (f, &, p) < me (f, y, p) if and only if Supg < oo,

seN Ws
for the sequences (¢s) and (ys) of real numbers.
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Proof. Let supﬁ =K (<®), then ¢; <KW forall s eN.
s>1 l//S
Then the inclusion me (f, ¢, p) < me (f, v, p) follows from the following
inequality:
1

SIH(A (%, 0)P < %Z[f(a(xk, N

Kl//s keo s keo

Conversely let me (f, &, p) < me (f, w, p) and sup 7s = o, where 7, = &
s>1 Y,

Then there exists a subsequence <mn, > of <ns>suchthat limn, =oo.
Let (Xx) € me(f, ¢, p).
s

Now sup ——S[f(d (X, O)F > sup = S[H(d (%, 0)F

s>1,0eP, \I/Si keo s>1,0eP; s, keo

> (sup;,) (sup — LK (%, 0)I)

i>1 s>1,0eP, s keo
.
Thus (Xy) ¢ mg (f, v, p) as such we arrive at a contradiction.
Corollary 3.1. Let 0<p<1, then me(f, ¢, p) = me (f, ¥, p) if and only if sup ns<o and sup n;l<oo

s>1 s>1

where 7= ﬁ
l//S

The following result is obvious in view of the definition of the space.

Proposition 3.3. The space me (f, ¢, p) is symmetric.

Property 3.4. The space mg (f, &, p) is not convergence free.

Proof. The proof follows from the following example.

Example 3.1. Let f(x) =x, ¢, =n for all n e [0 . Letthe sequence (X) be defined as,

t+1, for -1<t<0
For k> 2, X ({t)=9-t+1 forO<t<1

0, otherwise.

and X, = 0, otherwise.
Let the sequence (Y,) be defined as,

1 forO<t <1,
For k>1, Y (1) = (1-k)'t+k(k-D* fori<t <k,
0, otherwise.

0 1 2 3 4....

and Y, =(_), otherwise.
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Then (Xy) € me (f, ¢, p), but (Y) ¢ me (f, ¢, p).
Hence me (f, ¢, p) is not convergence free.
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